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Abstract. Addition formulas for theta functions of arbitrary or- 
der are shown and applied to the theoretical understanding of the 
fractional quantum Hall effect in a multi-layer two-dimensional 
many-electron system under periodic conditions. 

1. Introduction 

As is well known, classical addition formulas for theta functions are 
formulas of degree two. In this paper we prove addition formulas of 
arbitrary degree for theta functions. The explicit generalized addition 
formulas are stated in 2.5 and 2.6 and the main ingredients in the proof 
are the cube theorem and the isogeny theorem of Mumford ([1] and [3] 
)• 

We apply these results to offer a formulation of the fractional quan- 
tum Hall effect in a multi-layer many-electron system and possible gen- 
eralizations. In the study of the ordinary quantum Hall effect under 
periodic conditions ([4]), the basic geometric object is an algebraic 



C 



torus 

^= Z-f rZ' 
and study of the isogeny 

i^N- -E^ 

V9(xi, . . . , Xn) = {Xl^ h Xn-, Xi - X2, . . . , Xi - Xn) 

determines the change of coordinates from one-particle to center-of- 
mass and relative coordinates in the space of wave functions of the sys- 
tem. The change from one-particle coordinates, (xi, ... , xat), to center- 
of-mass and relative coordinates, {xi + ■ ■ ■ + x^.Xi — X2, ■ ■ ■ ,Xi — x^) 



•^^^ Departamento de Ffsica, Ingenieri'a y Radiologfa Medica. Facultad de Cien- 
cias. Universidad de Salamanca. Salamanca 37008. SPAIN 

Departamento de Matematicas. Facultad de Ciencias. Universidad de Sala- 
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is crucial in the definition of the Laughhn wave function describing the 
ground state of the FQHE on the complex plane. On the algebraic 
torus, S, this change of coordinates becomes the isogcny mentioned 
above. In the second quantization formalism, to extend the Laughlin 
variational principle for the fractional quantum Hall effect to the pe- 
riodic case thus requires the use of generalized addition formulas for 
elliptic theta functions, sec [4]. 

The goal of this work is generalize this construction to an arbitrary 
algebraic torus of dimension gX = 2,9+rZ9 ^ where r = {tij is a complex 
gxg symmetric matrix with the imaginary part positive definite). From 
a physical point of view, this means that we are considering a system 
of many electrons moving on g two-dimensional layers with different 
periodic conditions defined by the period matrix Tij. As in our earlier 
paper [4] , we are naturally lead to study the isogenics 

^N-.X"" 

Lp{Xi, ... , Xtv) = (Xi H \-Xn,Xi-X2,... ,Xi-Xn)- 

The behaviour of the global sections of some hne bundles over X^ un- 
der the isogeny (p^ will determine the vector space of wave functions 

of the system of electrons under the generalized periodic conditions 
. This behaviour and the link between wave functions depending ei- 
ther on {xi, ...,xn) or {xi + ... -|- xn, Xi — X2, ...,xi — xn) is completely 
described by the generalized addition formulas. We thus obtain a com- 
plete description of the space of wave functions of the FQH effect in a 
multi-layer two-dimensional electron system. In fact, in the real phys- 
ical situation it suffices to consider a diagonal period matrix r, unless 
tunnel effects between different layers are taken into account, see ( [13] 

)■ 

Having done this , we also consider the Fourier- Mukai transform of 
some line bundles over X^ determined by the generalized Haldane- 
Rezayi wave functions and the semi-stability of these transforms. We 
show how the slope of these bundles is related to the Hall conductiv- 
ity, which therefore appears as a topological invariant. There is an 
isomorphism between the Fourier-Mukai transforms for any number 
of electrons N and, thus, the Hall conductivity depends only on the 
center-of-mass dynamics characterized by the Haldane-Rezayi states. 
The organization of the paper is as follows: In Section §.2, we show 
the main theorems and establish the generalized addition formulas for 
Abelian varieties. In Section §.3, the vector spaces for the quantum 
ground states are constructed in terms of higher order odd theta func- 
tions. Section §.4 is devoted to studing the Fourier-Mukai transform 
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of the line bundles over X related to the quantum vector spaces. In 
Section §.5, all these developments are applied to the analysis of the 
fractional quantum Hall effect in multi-layer periodic electron systems. 
Finally, in Section §.6 a comparison with the physics literature is offered 
and some obscure points are clarified. 

2. Generalized addition formulas for abelian varieties 

Let X be an abelian variety of dimension g over the field C of complex 
numbers. Let us define the following family of morphisms: 



M, rriij, Sij : X X ■ • ■ X X ^ X 

M{xi, . . . , xn) ^ xi + . . . + xn 

n^iji^ii ■ ■ ■ 1 Xjsf) — Xi -\- Xj 

Pi-. X X ...xX ^ X 



will be the natural projections. 

Theorem 2.1. Generalized Cube Theorem 

For any symmetric invertible sheaf L on X one has a natural iso- 
morphism: 



Proof 2.1. This follows from the cube theorem, [1], and induction over 



Corollary 2.2. For any symmetric invertible sheaf L over X , one has 
a natural isomorphism: 




N. 




Proof 2.2. By the Theorem 2.1 one has: 
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Let US denote by p.^ : X x x X ^ X x X the projection on 

the factors and by n: X x X x {i — i, 2) the natural pro- 
jections. One has: 

mljL ® 4L p*. (r «L TT^L)) p*. (<L«^ ® tt^L^^^ 

where ^: X x X > X x X is the morphism: ^{x, y) = {x+y,x—y) 

We therefore have: 

\i<j / i<j \i=l ) 

( N \ ^ 

~ (p*L®2 ® p*L®2) (g) p*L®-^+2 ^ (g) p*L®^ 

Let us consider the morphism of Abehan varieties: 

^iv: X X xX X ••• X X (r = ^) + i) 

(xi, ....,x„) I — > (xx + ... + a;jv,,Ti - a;2, ...jXiv-i - X]^) 
By Corollary 2.2 one has an isomorphism: 

G (pI^ ® ■ ■ ■ ® K^) - M*L ® j ~ ptL®^ ® ■ ■ ■ ® 

which induces a homomorphism between the vector spaces of global 
sections: 

For applications to the study of the quantum Hall effect under peri- 
odic conditions, it is very important to compute explicitly the homo- 
morphism G(see [4] and the last Section of this paper). 

Observe that the kernel of ^at is A(X7v), where Xj^ is the A?"— torsion 

subgroup of X and A : X'^ ^ X x — ■ x X diagonal immer- 

sion. 

The morphism factors as follows: 

Z^Xx.''..xX^y = Zl^{^N)^Xx...^xX 

= i O 0JV 

Let us set L — {v\L (g) - • (8) p*L^ . 

One has that (^*^C,\^ = M*L ® (iS>i<j s*jL) ^ Mn- 



5 

We can now consider the morphism: 

ipN ■ Z ^ Z 

(fi{xi, ... , Xn) ^ {xi-\ \- Xn,Xi - X2, . . . ,Xi- Xn) 

and define an invertible sheaf TZ^ on Z hy: 
One has a commutative diagram: 




Z 



'^i...N being the projection on the N first factors. 7ri...jv induces an 
isomorphism Y — — ^ Z such that: 

'^{...n'T^n — ^ and Cn^ ^ ^*n'T^n — Mn- 

But ifN is an isogcny of kernel A(Xjv) and the problem of computing 
the homomorphism is reduced to computing the homomorphism: 

ip*j, : H\Z, TZn) > H%Z, Mn) 

To compute this homomorphism, we can apply the Mumford theory 
of algebraic theta functions, [2] . 

To make explicit computations, let us fix a principal polarization 
(p.p.) on the abelian variety X, and assume that L = Ox (m0); 
then, one has that M ~ <S)^=iP*Ox{N.mQ). 

For any invertible sheaf on X, let us denote by K{J^) the sub- 
group of X which leaves invariant under translations {K[T) — 
xeX : T*T ~ T) and by g{T) the theta-group of T. 

In our case, one has: 

K{L) — Xjn — subgroup of m-torsion points of X 
KiL^"") = X^.m and K{L) = N ■ KiL^"") C X^v.m 
The isomorphism i^*TZn ^ Mn implies that: 

K{Mn) = K{L®^)x-^-xK{L^^) = XNmX-^-xXNm D K{nN) D XmX-^-xX, 



For any invertible sheaf L = Ox{D) on an Abelian variety X of 
dimension g, let us denote by deg (L) the number D^. 
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Proposition 2.3. 

deg TZn = {Ng)\ N^^-^'^^ ■ m^' 
Proof 2.3. Observe that kcnp^ = A(Xn) — Xn- One then has that 
deg (p^TZn = deg (p*j^ ■ deg TZn = N^^ ■ TZn 

and 

deg (^^7^Jv = {Ngy.N^^m^^ 
Therefore: deg TZn = {Ng)\ iV(^-2)^?m^^. 

The structure of the group K{TZn) is given by the following theorem: 

Theorem 2.4. K{TZn) is the subgroup of points ^n{p) — {xi + • • • + 
Xn, Xi — X2., ■ ■ ■ ,x-i — Xn) E X X — ■ X X such that: p — (xi, . . . , xn) £ 

N 

Xntu X ■■ ■ X Xntu and xi -\ \- xn ^ Xm- 

In particular, K{TZn) has subgroups isomorphic to Xn x ■ ■ ■ x Xn 
given by: 



X^x.^'.-xXj^KiUN) 

(xi, . . . , Xn) ^ {xi, ... , Xn) 

(with respect to the natural immersion X^ — N ■ Xntu C X^n) and : 

Xn X X Xn"^ KiJlN)^ Xx.'^.xX 

{X2, ... , Xn-i) ^ (0, -X2, ... , -Xn-1,X2 H h XjV-l) 

Proof 2.4. Let X — Pic°(X) be the dual abehan variety. Prom the 
exact sequence: 

O^Xn ^ X X ■■■xX ^ X X ■ ■ • X X ^ 

one deduces the existence of the following dual exact sequence: 

O^Xn ^ X x-^-xX — ^ Xn x-^-xXn^^ 

which means that given a point p — {xi, . . . , xn) £ K{AiN), one has: 

for a certain invertible sheaf M of degree zero on X. By restricting this 
equality to X x {e} x • • • {e} we compute M and obtain the following 
isomorphism: 
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Then, T^^^TZn — TIn if and only ii xi + ■ ■ ■ + xn & X^- The rest of 
the theorem follows easily from this result. 

N 

Remark 2.1. We have constructed two subgroups, Xm x ■ ■ • x Xm and 

N—2 

Xn X ■ ■ ■ X of K{TZn). Thus if (m, A^) = 1, a general element of 
K{TZn) has the form: 

{yi, y2-X2,... , VN-I - Xn-1, yN + X2^ h Xjvi) 

where (yi, . . . , yjv) e X^ and (xa, . . . , x^-i e X^~'^). 

Let us fix compatible theta-structures ([2] ) on L and L®-^. These 
thcta-structurcs induce compatible theta-structures on TZn and 
and decompositions: 

if (L) ~ A{L) X , ~ {Z/mZy 

K{Mn) ^ X BiL^^'f 

if (7^Jv) A(7eiv) X Bin^) 

where S(7^Jv) C B{L®^)^, and by Theorem 2.4 one has: 
B{Lf C 5(7^Jv), m5(L®^)^-2 C 5(7^^) 

in such a way that B{1Zn) is the subgroup of B{L®^)^ generated by 
m.5(L®^)^-2 and N.B{L®^)^. 
We have natural isomorphisms [2]: 

H^{X, L)^Vm^ {functions B{L) ^ C } 

H\X, L®^) = V^rn = {functions B{L^^) ^ C } 

For each d e B{L), let 6^ be the global section of L defined by the 
characteristic function of d, and for each b e S(L®^) let 6b be the 
corresponding global section of L®^. 

Observe that H^{Z,TZn) is a C- vector space of dimension A^*^^ '^)9^^9 
and H'^{Z,Ai\r) is a C-vector space of dimension N^^m'^^. The fol- 
lowing result give us an explicit description of the homomorphism: 



iflf-. H^Z.-Rn) ^H\Z,Mn) 
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Theorem 2.5. Let us assume that L and L'^^ have compatible theta- 
structures satisfying the above conditions. For each d e B{TZ]s[) one 
has: 

b e B{Mn) 

fO>)=d 

where X & C is a constant which we will assume to be equal to 1. 

Proof 2.5. This follows from the isogeny theorem, [1] and [3]. 

This result allow us to give more explicit expressions for 99^. 
Given d = (di, . . . , d„) e • B{L)^ = [{Z/rnLyf C S(7^^v), let us 
denote by 5 a the element: 

and for each h = (0, -/i2, ... ,-hN-i, /i2H h/iiv-i) G [{Z/mZy]^-'^ C 

B(JIn) we denote by 6^ the corresponding global section of 7^ at. 
With these notations one has: 

Proposition 2.6. 

(1) 

Vlfi^d) = 0[di\{xi H h a;Ar) n ^[djK^i - ^j) II ^i^i - dj]ixi - Xj) 

i>2 i>j 

J>2 

= A 0[br]{x,)e[b2]{x2)---e[bN]{xN) 

k e B^L®"") 

6i + ...+6jv=di 

0[bi]{xi) being the global section of L®^ defined by Sb^ (in 
the i-th component of ) and 6[di\{z) the global section of L 
defined by 64. . 

(2) 

^*N{^h) = Qh{xi H h Xn, X1-X2,... ,Xi- Xn) 

= A Yl 0[bi]ixi)9[b2]{x2)---e[bNKxN) 

hi e B{L®^) 

6i + ...+6jv=0 
>'l-b2 = -h2 
bi-bf^_l=-h[^_l 
bl—b^=h2+---+hj^ 

= A E i0[biKxi)e[b2 + h2]{x2)--- 

• • • 9[bNi + hN-l]{xN-l)0[bN -h2 hN-l\{xN)) 



where {bi, . . . , bj^) E ker( B{^A n) ^ B{TZn)) and in both formu- 
lae X is a constant independent of d and h. 

Proof 2.6. This follows easily from Theorem 2.5 and the description of 

i^(7^iv). 

Remark 2.2. In the case (m, A^) = 1, a general element of B{TZn) takes 
the form: 

d — [di, ^2 ~ h2, ■ ■ ■ , dftf-i — hf^-i, djq + /i2 + ■ ■ ■ + hjy-i) 

where (rfi, . . . , djv) e B{L)^ and (/is, • • • , dN-i) G [{Z/NZyf-^, and 
the general addition formula is: 



^*N{^h) = dh{xi H \- Xn,Xi - X2, . . . ,Xi- Xn) 

= A Yl 0[b,]{x,)e[b2]{x2)---9[bM]ixM) 

bi e S(L®^) 

bi+... + bi^ = di 
bi-b2=d2-h2 

6l-!)Ar_l=dAr_l-'ijv_l 

Remark 2.3. We have explicitly computed the homomorphism of vector 
spaces (p*j^ : H^{Z, TZ^) ^ H^{Z,M.n) ■ If we wish to compute: 

let us note that we have the commutative diagram: 

H\X\ C) H\Z, Mn) 

<t>*N='PN 

H%Y,q^)c^H%z,nN) 

and we have: 

From these identities one can easily prove that the vector subspace 
^%H^{X^,jC.) C H^(Z,Mn) can be identified with the subspace gen- 
erated by the global sections {(p*N{Sd)} defined in 2. 6. (a) . 
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3. Vector spaces of richer order odd theta functions 

We shall apply the results of the first section to compute some vector 
spaces of theta functions which are relevant in the study of the frac- 
tional quantum Hall effect, ( for a similar discussion for elliptic curves 
see [4]) . 

Following the same notations as in the previous section, let us set 
an invertible sheaf = OxitriQ) on the principally polarized Abelian 
variety {X, 0) of dimension g. 

Let us assume that k = mN and let be the invertible sheaf 
Ox{key, onX X ■■■xX ^ Z we consider the invertible sheaf: 

Mn = plLk • • • P*^Lk ~ p^Lf ^ ® • • • P^Lf ^ 

Let us define the vector subspace Ek{N) C H^{Z,M.n) by the fol- 
lowing conditions: 

s is invariant with respect to the action of the N- 

E (N) < ^o^^i'^'^ subgroup A{Xisf) C Z and is odd with re- 
' spect to the permutations acting on H^(Z,A4pf) — 
H\X, Lk)®---®H\X, Lk) 

Let us set V„, = H^{X,L^) and = H^{X,Lk). By the very 
definition, one has that: 

N ^ 

Ek{N) ^ /\Vkn Imcp*^ C Vk ® • • • ® Vk 

where (^^ : 7^^r) ^ h^(^z, Mn) = 14 (g) ® T4 is the ad- 

dition homomorphism defined in the last section. 

Note that the factorization = 7ri...iv o implies that: 

N 

E°(iV) = A 14 n imC^ c Ek(N) c 

Let Ef C H^{Z^1Zn) be the subspaces of eigenvectors of the auto- 
morphism on H^{Z, IZn) induced by Uj : X^ ^ X^ , c^iixi, . . . , xn) 

(^Xi , . . . , Xi , . . . , iCjv) • 

Proposition 3.1. There exists a natural isomorphism: 

E^{N)^ip*j,H\Z,nN)- 

H^{Z,TZn)- being the vector subspace of H^{Z,TZn) defined as the in- 
tersection of the vector subspaces E~ with i > 1. 

Proof 3.1. This is easy from the equality Ek{N) = /\^ Vit n lm(p^. 
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We can give a more explicit description of the subspacc E^{N). 

Prom the Remark 2.3 , it follows that Im^^ is the vector subspace of 
H^{Z.TZn) described in Proposition 2.6. 

Let be the subspaces of eigenvectors of Vm with respect to the 

action of the involution [— {[—l]x{x) = —x). Then, 

we have: 

Proposition 3.2. 

El{N) = ^%{Vm (^V-®""---® V-) 
Proof 3.2. One has only to observe that Im^^ is naturally identified 

N 

with Ki (8) • • • <8) Kl- 
in our interpretation of the PQHE, the vector subspace E^{N) is the 
space of wave functions of a system of N electrons. 



4. POINCARE BUNDLES AND FOURIER-MUKAI TRANSFORMS 

Let (X, 0) be a p. p. a. v. of dimension g and X its dual Abelian 
variety. Let V he a Poincare bundle on X x X; V is the line bundle 
on X X X given by the universal property of X. 

Given an invertible sheaf ~ OxirnQ) on X (with m > 0), we 
can construct the invertible sheaf on X x X: 

where tt^ : X x X *- X and tt^ : X x X ^ X ^"^^ the natural 

projections. 

The Fourier- Mukai transform of is ( see [5] and [6] for details): 

It is well known that S{Lm) is a rank vector bundle on X. 

We can interpret Cm as the family of line bundles over X, parametrized 
by X, which are algebraically equivalent to L^- 

If we wish to generalize the results of Section. 1 to the case of a "vari- 
able line bundle" Lm, we must perform the base change X x X ^ X 

and replace Lm by Cm- 

We can then define on Z x X the following line bundles: 
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\i<3 / 

I \ 

m I 

where M and Sjj are the morphisms Z x X ^ X x X defined 

by: M = M X Idx, sy = sy x Idx and p.-. Z x X ^ X x X are 

the natural projections. 

Defining : Z x X ^ Z x X as Tp^ = ip^ x Idj^ we have that: 

and Corollary 2.2 implies that: 

for some invertible sheaf F on X. 

Bearing in mind the applications to the FQHE, we are mainly inter- 
ested in the bundles: 

Wm(LJ = 7r^^(M*£^) = TT^^ (m* (tt^L^ ® 7^)) 

which describe the dynamics of the center of mass. 

Our main result on the structure of W]sfiLm) is as follows: 

Theorem 4.1. For every N > and m > 0, Wn{L^) are vector bun- 
dles over X of rank m^. These vector bundles are semistable with re- 
spect to the principal polarization © induced by Q on X. Moreover, for 
every N > 2, there exist natural isomorphisms VFjv(I/m) — WN-i{Lm) ■ 

Proof 4.1. Proof of the existence of isomorphisms WN{Lm) — ^n-i{L^ 
is the same as the proof given in the case of elliptic curves. 

Therefore, the proof of the theorem is reduced to the case of l^i(L^) 
which is precisely the Fourier-Mukai transform of L^, which is well 
known to be a vector bundle of rank (for m > 0). 

We only have to prove the semi-stability of Wi{Lm) with respect to 

e. 

Let us compute the slope of Wi{Lm)'- we consider the isogeny </7l^ : 
X — > X of degree rm?^ defined by: 
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Tx : X ^ X being the translation by x. It is known ([7]) that: 

Let us set Ox{D) — detWi(Lm) ; one has: 

ip*{D ■ e^~^) = deg(<^) ■ deg(D) = m^^ . deg(D) 

and 

^p*{D ■ e^-^) = ^p*D ■ {^p*Qy-^ = (-m^+^e) • (m'e)^-^ = -m^^-^g\ 
Then, deg(D) = -mS-^g!. 

rkWi(Lin) rn 
Let us recaU that from the computations of [8] one easily deduces 
that given an invertible sheaf on X, one has that ci(A^)-G^~^ = g\-c 
for some integer c. Thus, in the definition of semi-stability on X, with 
respect to the polarization 0, we can replace the degree ci{M.) ■ Q^~^, 
of an invertible sheaf M., by the reduced degree: 

rdeg(A^) = ^ — 

and the reduced slope: 



pLr{M) 



g\ ■ ikM 



Let F C Wi{Lm) be a subbundle of rank r < and reduced degree 
rdeg(F) ~ d. One has to show that: 

r m 

But it is known that to prove the semi-stability condition for Wi{Lm) 
it suffices to prove that it is satisfied by the subbundles of rk = 1; that 
is, we can assume that r — 1. In this case, the inequality is equivalent 

to d <0. 

Let us take the puUback of F C Wi{L^) with respect to the isogeny 

and rdegifl^F — m^^d < rdegL®"^ = — m < 0. Then, one has that 
d<0. 
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5. Fractional quantum Hall states in multi-layer 
two-dimensional electron systems 

For applications to the FQH effect, we shall apply the theory devel- 
oped in previous sections to the following situation: 

Let us consider the forms E = C/Z © rZ defined by r G Hi (upper 
half-plane) and let us denote hj e E E the origin of the group law of E. 
The natural polarization on E is given by the invertible sheaf Oe{g). 

For any positive integer gi e Z, let us denote by Xg the abelian 
variety: 



Xn^EX 



X E 



Let Xg — £ be the natural projection into the i-th factor. One 
can define a principal polarization, ©, on Xg as follows: 

Ox{Q) = <^qtOE{e) 

i=l 

Let K he a symmetric, positive, integer-valued g x g matrix. This 
matrix defines an isogeny: 



K: E9 = X 



E9 = X 



One can define a line bundle on X by: 

Lk^K*Ox{Q) 

We can apply the results of Sections 1 and 2 to this sheaf. 
Let > be an integer mimber, r = ^{^^^) _|_ ^ ^j^g 
morphisms defined in Section. 1 



N 



^n: X X ■■■ X X ^ Es 



N 



X X---XX 



^ AT ^ N 

ifiN-. X X ■ ■ ■ X X ^ X X ■ ■ ■ X X 



On Z — X^ , one has the sheaf: 

TZn = {p\Lk <8) • • • <8) P*nLk) 
and isomorphisms: 



N 



1>J 
3>2 



Cn ^P^Lk ^ VnRn ^ ^ptLf ^ Mn{K) 

\i=l ) i=\ 
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Analogously to Section. 2 , for each matrix K we can define the vector 
subspace: 

Ek{N)(iH\ZMn{K)) 
which will be identified with the Hilbert space of our problem: 

s is invariant with respect to the action of the subgroup 
, . A(X7v) C Z and is odd with respect to the permuta- 
s G hK{r^) ^ ^.^^g ^^^.^g ^o(^^ Mn{K)) = H\X, Lf) • • • (8) 

H\X, Lf) 

Also one has that: 

N 

Ek{N) = f\H\X,Lf')n\m^l, 
Analogously to Section. 2 we can also define the subspace E^[N) — 

Let us denote a point of by (xi, . . . , x^r) and xi = {t\, . . . , ) e 
Es ^X. 

The explicit computations can be performed along the lines of ([2]) 
and ([3]). 

Note that the kernel of the isogeny K : X ^ X can be identified 

with the finite subgroup: 

Xk ^ VjKTL^ X Za/kZa 

The order of this group is \Xk\ = |detKp and H'^{X,Lk) is a C- 
vector space of dimension |detK|. Obviously one has: 

K{Lk) =XkC KiL'f") 

N ■ KiLf') = K{Lk) 

Let us set V = H\X,Lk) and Vk = H%X,Lf^). One has the 
analogous results of those proved in Sections 2 and 3 and : 

EK{N) = ip%H\Z,nN)- 

El{N) = ^%{V ^V-® ^-1 ® V.) 

Moreover, given d = (di, ... ^cIn) e N ■ B{Lk)^ - [Z^ / KZ^]^ C 
B(JIn), let us denote by dd the element 

\U I 

It follows that the vector subspace E^{N) is generated by the sec- 
tions ip*j^{5d) and one has the identity: 
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^Ifi^d) = d[di]{xi H h xn) Yi d[dj]{xi - Xj) Yl 0[di - dj\{xi - Xj) 



j>2 i>j 
j>2 



A E 0[h]{xi)e[b2]{x2)---e[bN]{xN) 



bi + ... + bN ^ di 

bi — 62=d2 
bi-b]^=d]^ 

TV 

where {xi, . . . , xn) & X x ■ ■ ■ x X — E^^ that is, Xi — {za, . . . , Zig) e 
Observe that: 

TL^IKTL^ ~ Z/mZ e • • • e Z/n^Z 

for some integers n^. . . . . n,j such that dctK = ni • • • rig. 

Then, in the above statements rfi, . . . , rf^r are elements of the group 
Z/niZ © • • • © Z/n^Z (once one has fixed the corresponding theta- 
structures) . 

6. Filling factors and Hall conductivity 

In a multi-layer many-electron system where the fractional quan- 
tum Hall effect is observed, the ground state is a quantum fluid with 
several possible topological orders; see [9] . The different phases are 
characterized by the gx g matrix: 

/ 2p + 1 2p • • • 2p \ 

2p 2p+l ••• 2p 

K = 

^ 2p 2p • • • 2p + 1 y 

where p is an integer greater than zero and g is the number of layers. 
The ground state wave function 

N g g N 

= n iiii^t - ^T^' n(^" - 4)'ie^p[- E E i^rri 

j,3=i a=l a<6 a=l i=l 

is the generalization of the Laughlin state to the case in which each 
layer is isomorphic to C; here, is the i-th particle position in the 
a-th layer, and we assume that there are particles per layer, so that 
the total number of particles is — gN. 

We focus on this problem when each electron moves on a torus; the 
one-particle configuration space is the elliptic curve E = C/Z + rZ of 
the previous Sections. The modular parameter L2e*^/Li encodes the 
periodicities of the basic lattice, which is the same for every layer. A 
constant magnetic field B allows for a well behaved quantum system. 
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compatible with the lattice and the order 
and only if: 



'meant" by the matrix if 



/ {2p + l)N 2pN 
2p 2p+l 



\ 



2p 



2p 



2pN 
2p 

2p+l J 



27r|detKi| 
Imr 



Here, e, h and c are respectively the electron charge, the Planck 
constant and the speed of light in vacuum. The quantum space of 
one-particle states is the space of sections of the line bundle L^^ = 
Kl9xg{Q) and the first Landau level corresponds to the sub-space of 
holomorphic sections H^{Xg, Lki)- 

There is a many-electron wave function proposed by Haldane and 
Rezayi as the ground state for the quantum Hall fluid in a periodic 
lattice, see [10] and [11]. Both the HR wave function and its general- 
ization to a multi-layer are of Laughlin type and the framework for the 
mathematical understanding of such complex quantum states is pro- 
vided by the developments set forth before in this paper. We start by 
noticing that the isomorphism established at the end of Section .4 now 
reads: 



Z^KZ^ ~ Z/{2gp+l)Z 
(2gp + l),n2 



= n 



1 ® 1 © • • • © 1 
n — 1 because these are the 



I.e. ni = {zgp+ ij,n2 = ria = 
eigenvalues of the K matrix. 

The center-of-mass dynamics and the relative motion of each pair of 
particles produce contributions that factorize in the ground state wave 
function. In a basis in Xg in which K is diagonal: 

(1) The center-of-mass wave function is a Theta function of g vari- 
ables that we write following the conventions of Reference [12] 
in order to translate the developments of the previous Sections 
to the notation used in the physics literature: 



Fcm{X)^Q 



— * 





{KnX I KnT) 



X ^ Xi+X2-\ \-Xn 

X is the CM coordinate, Kd is a diagonal matrix such that 
detKD = detK (we have chosen i^Du = ^gp+ 1) and the vector 
of g components ci is (1, 0, . . . ,0). 

This expression for the center-of-mass wave function is ex- 
actly the same as + X2 + ■ • • + xn) in the previous 
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Section and, undoing the diagonalization, one obtains: 





Fcm{Z) = 



[KZ I Kt) 



where Z = il + i^ + -- - + zjvis the CM coordinate in a basis 
of Xg where K is not diagonal, and a e Z^/KZ^. This is the 
form in which it appears in the physics hterature. 
(2) The factor in the ground state wave function due to relative 



motion has the form: if x. 



Xi Xj , 



Fr{x,,) = llQ. 

i<j 



{KoXij I Kdt) 



di, = d. 



d^,i 



1,2, 



Fermi statistics requires the use of anti-symmetric functions 



m Xi 



-X. 



6- 







d-,K7}e, 







{KoXij I Kdt) - 8 



{KoXij I Kdt) 

-d-,K7}e^ 







{KoXij I Kdt) 



Nevertheless, the ground state wave function 



V' = FcM(^)-^r(^jj)exp{--^(Imxi)(Imxi)}, 

i 

apart from the non-analytic exponential factor, consists of terms 
of the form of the left-hand member of formula ( 5 ) in Section 
§.5. 

Therefore, ip can also be expressed as a product of Theta 
functions in the Xi variables with characteristics: 

bi e z/{2gp + i)z e 1 e 1 e • • • e 1 

related to the Kd matrix. 

In the physics of the quantum Hall effect, the concept of the 
filling factor plays a central role; if the magnetic field is strong 
enough to provide more states in the first Landau level than 
electrons, it is defined as: 

^ number of particles 

number of states in the first LL ' 
and the Hall conductivity is studied as a function of /. 
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If the number of states in the first LL is a finite number, 
dimH'^(Xg, LkJ = det(Ki) in our case, then / is: 

fHR = iVr/detKi = 7^-^- 
2gp+l 

Different integers g, and hence different vahics of Jhr, give 
rise to a hierarchy of experimentally observed topological or- 
ders: associated with each / of this form there are quantum 
fluids that arise as ground states of the fractional quantum Hall 
effect without periodic boundary conditions. 

What we have shown by proving the generalized addition 
formulae for Abelian varieties is that the fractional quantum 
Hall states in multi-layer two-dimensional electron systems are 
compatible with periodic lattices. Only the existence of such 
addition formulae makes it possible to claim that the general- 
ized Haldane-Rezayi wave function implies Jhr = 2^^fT' 

In fact, a further development remains to be made in order 
to make contact with the HR ground state. We remark that 
there is a linear combination such that: 



9P 



d-=l 







{KdX,, I Kdt) 



^ Q2gp+1 



1/2 
1/2 



X 



1/2 
1/2 



Xj \ t) 



appearing in the right-hand member odd Theta functions of one 
variable. Undoing the diagonalization of K, one easily checks 
that. 



a=l 



02gp+l 



1/2 

1/2 

1/2' 
1/2 



{xj - x] 



T) n e^^ 

a<h 

r) YlU e 



1/2 
1/2 

1/2 
1/2 



{zt - 



X^ — Xi 



r) 
r) 



in such a way that the HR wave function can be traced back to 
the above tp. 

The generalized addition formulae are valid for any Abelian 
variety Xg = ^g'^o.za ' "^^^ ^ ^ matrix in the Siegel upper half- 
space of rank g m.M.g. In the application to the quantum Hall 
effect, we have restricted ourselves to the case Xg = E^, i.e. 
fl = rlgxg- There is no difficulty in extending the analysis to 
any Q EMg that physically corresponds to taking into account 
different periodicities for different layers and a tunnel effect of 
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weak amplitude between layers, a situation also considered by 
condensed matter physicists, see [13]. It is also convenient to 
make a brief comment on the second type of addition formu- 
las; Proposition 2.6 of Section .1 , from a physical point of 
view. Mathematically, the origin of such addition formulas is 
the freedom of choosing the isogeny (pN'-Z ^ Z '■ there are 

r N 

different projections from Xg x • • • x Xg to Z = Xg x • • • x Xg 
^ MiVzl) +1). Another choice of 7ri...Ar, for instance, would 
lead one define 

(P'n{xi, ... ,Xn)^{xi+X2^ \-Xn,X2- Xi, X2 - X3, . . . , X2 - Xpf), 

i.e. it would singularize relative coordinates with respect to 
the second particle. In quantum mechanics particles are indis- 
tinguishable and thus this possibility is physically equivalent 
to choosing (^^r based on the first particle coordinate. For this 
reason the wave functions invariant under the second sub-group 
of K{TZn) do not enter in physical arguments, and the ordering 
i < J is chosen as the most natural one. 

Further knowledge of the implications of the nature of the 
HR ground state wave function can be obtained by means of a 
gedanken experiment, see [14] : magnetic fluxes are induced by 
two solenoids per layer connected to the Hall device in such a 
way that they are compatible with the electrons if: 

Re0 e [0, —u] , lm$ e [0, —u] 

e e 

according to the Aharanov-Bohm effect. Here, is a complex g 
vector which encodes the solenoid fluxes and m = (1, 1, . . . , 1) is 
a real constant g vector. The generahzed HR states are modifled 
to, 

= F^ivf[0;^]^r[^.,]exp{-i^[(ImXO*ImXi]} 



F^\,[0;X] = e 



— * 

02 



where 4>i = ■^^-60 ^^^d 02 — f^"^^- The relative motion is not 
affected but the contribution of the center-of-mass dynamics to 
the ground state is modified by including the solenoid fluxes as 
characteristics of the Theta function. 

Mathematically, one must interpret as points in the Jaco- 
bian Xg of Xg and we proceed to identify the bundle where 
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ip'''^ [0] is defined as a section, using the developments of Section 
.3 . In fact, only the replacement of by Lk is necessary. We 
thus start by constructing the invertible sheaf: 

a family of line bundles over X parametrized by X, and defining 
the Fourier- Mukai transform of L^- 

S{Lk) = tIxS'^*xLk ®V)= tTx.^k- 

S{Lk) is a vector bundle over X of rank (dctK)^ whose fibers 
are vector spaces of dimension (detK)^ whose bases are provided 
by the basis of H^{X, Lk)\. ^- Taking this into account, one 
easily recognizes that 

is a holomorphic section in the bundle 




defined in perfect analogy with the bundle A^at of Section .3 : 
one merely replaces Cm by Ck- 

We now focus on the center-of-mass dynamics. Taking di- 
rect image amounts to integrate over the variables in the other 
factors and we find 



^cV = ^cm[0] = / c^vo1xF^^m[0;X], 



which determines the contribution of the solenoid fiuxes to the 
CM ground state wave function; this is a holomorphic section 
in the Fourier-Mukai transform of the bundle M Lk'- 

Wm{Lk) = t:xSM*Ck) = TT^, (fl\TZx*LK V)) . 

From Section .3 we know that Wn{Lk) — Wn-i{Lk) and 
the slope and reduced slope of Wi{Lk) are given by: 

IJi[Wi[LK)) = - 



(detK)g detK 



detK 

There is a novelty: the factor g appears due to the freedom 
of choosing 2gp -|- 1 as any of the g eigenvalues of K. 



22 JUAN MATEOS GUILARTE JOSE MARIA MUNOZ PORRAS 

The Hall conductivity of the system is expressed in pertur- 
bation theory by the Kubo-Thouless formula [12] : 

2 r 

= ^ • ^ E [< I >-< ^2^^"^ I ViV^<^i >] 

where r = detK, Va = irr and < I > defines the L^-norm: 

< f \ 9 >^ / dvolx®Nf*(xi, X2, ■ ■ ■ , XN)g(xi, X2, ■ ■ ■ , Xn). 

This formula can be interpreted as follows: from the section 
■^'^i, we obtain a connection, for any di, 



UJ 



di 



= -2Im < i/j'^^ I VaV''^' > ■d$2 



in a certain line bundle over X. The curvature 

TZ^d-^ = 27r ■ d(fi A d(t)2 
is constant on X and therefore an is equal to its average value 



< (Tj^ > = — • ^ V [< ViV^'^^ I VsV^''^ > - < VsV^''^ I ViV^''! >] 



di=l 

9 



2gp+l 

The bundle is therefore Wi{Lk) and the Hall conductivity is 
a topological invariant, the reduced slope of Wi(Ljv): 

(TH^\flr{W,{LK))\ 
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